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Abstract

In this paper, a dynamic model is firstly investigated for a flexible mechan-
ical stage driven by a walking piezoelectric actuator (WPA). The developed
model takes into account the WPA, the mechanical stage and moreover the
connection part between them as an overall piezo-actuated stage. The model
of the WPA is derived mainly from the electrical, piezoelectric and mechan-
ical sides. Besides, the WPA and mechanical stage are treated as elements
with lumped mass. Then the proposed model is identified based on the
open-loop frequency response data. Finally, hybrid closed-loop controllers
are designed for point-to-point (PTP) positioning and sinusoidal trajectory
tracking control of the overall piezo-actuated stage. The hybrid control strat-
egy includes displacement error feedback and velocity feed-forward control
algorithms. Furthermore, the transient profile and tracking differentiator is
proposed for quick settling of PTP positioning control, and the discrete-time
repetitive controller (RC) is adopted to enhance the tracking precision for
the periodic sinusoidal trajectory. Experimental results show that for the
300 µm PTP positioning the settling time is 0.12 s to keep the steady error
within 25 nm, and for the sinusoidal trajectory of 50 µm amplitude the max-
imum tracking error is 1.99%. These results clearly demonstrate the high
precision performance of the developed hybrid controllers for the walking
piezo-actuated stage.
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control, trajectory tracking, tracking differentiator, repetitive control

1. Introduction

The piezoelectric actuator (also referred as PZT) is mainly composed
of the lead-zirconate-titanate piezoelectric ceramics. Generally, the stacked
piezoelectric actuator will change about 0.1% of their static length when an
electric field is applied due to the inverse piezoelectric effect. Because the
piezoelectric actuator can move linearly with the nano-meter displacement
resolution, it is widely used in micro-/nano-positioning [1, 2, 3, 4, 5, 6] and
optics [7, 8, 9, 10]. However, the stacked piezoelectric actuator often has the
travel stroke limitation of about one hundred microns.

Hence, the walking piezoelectric actuator (WPA) shows its advantage of a
few millimetres travel stroke while still maintaining the nano-meter displace-
ment resolution. It moves like the inchworm creature by alternate movement
of two or more pairs of piezoelectric legs. The walking principle of the inves-
tigated WPA is of the non-resonant type, which assures very good control
of the motion over the whole travel range. Refs. [11], [12] and [13] pro-
posed some static and dynamic models for the WPA, but with few attention
to the model of the overall piezo-actuated stage. Regarding the control is-
sues, Ref. [12] adopted the gain scheduling feedback in combination with
feed-forward control to improve the performance of the WPA driven stage.
Ref. [13] presented a virtual time control method based on the coordinate
transformation. Ref. [14] proposed a delay-varying repetitive control scheme
and applied it to a nano-motion stage driven by the WPA. In Ref. [15], an
explicit force controller has been developed based on a statistically linear sys-
tem model for the compensated WPA. The proposed controllers are mainly
designed for step or jogging movement of the WPA or the WPA driven stage.

This paper develops a dynamic model taking into account the WPA, the
mechanical stage and moreover the connection part between them as an over-
all piezo-actuated stage. And hybrid closed-loop controllers are designed for
point-to-point (PTP) positioning and sinusoidal trajectory tracking control of
the overall WPA driven stage. Furthermore, the transient profile and track-
ing differentiator is proposed for quick settling of PTP positioning control,
and the discrete-time repetitive controller (RC) [4, 14, 16, 17] is adopted
for precise periodic sinusoidal trajectory tracking control. For now, there
are seldom public literatures reporting the experimental results of sinusoidal
trajectory tracking control for the overall WPA driven stage.
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The organization of this paper is as follows. Section 1 gives a brief intro-
duction. In Section 2, we propose the dynamic model for the overall stage
driven by the WPA. Section 3 shows the experimental setup. Section 4 is
presented with the model identification. Section 5 includes the controller
design and experimental results. In Section 6, a summary of the paper is
given.

2. Modeling

2.1. Introduction of the WPA

As shown in Fig. 1, the movement of the WPA is introduced by its rod and
virtually generated by its 2 pairs of legs [18]. The WPA is mainly composed
of a rod, 2 or more pairs of piezoelectric legs and the corresponding leg tips.
The piezoelectric legs can elongate or bend when excited by external voltages.
A pair of piezoelectric legs is usually comprised of 2 piezoelectric legs, i.e. P1A

and P1B form the first pair of legs, and P2A and P2B compose the second pair
of legs. A piezoelectric leg is comprised of 2 piezoelectric multilayer-stacked
actuators. The WPA moves step by step described as follows:

• First, all 4 piezoelectric legs are electrically excited and elongate in
contact with the rod in Fig. 1a.

• Second, the first pair of legs (P1A and P1B) maintains contact with the
rod and moves right. The second pair of legs (P2A and P2B) retracts
and their tips bend left in Fig. 1b.

• Third, P2A and P2B in turn elongate and come into contact with the
rod. Their tips move right. Meanwhile, P1A and P1B retracts and their
tips bend left in Fig. 1c.

• Last, P2A and P2B move right. P1A and P1B begins to elongate and
move up towards the rod in Fig. 1d.

Different electrical voltage waveforms will affect the step length and mov-
ing motion behaviour of the WPA. The adopted waveform for smooth step-
ping motion is shown in Fig. 2. Generally, one piezoelectric leg is electrically
excited by two channels of voltages with the same profile but different phases,
which makes the piezoelectric leg move like the bimorph cantilever. Besides,
the same pair of legs is electrically excited by the same voltages. That is to
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Figure 1: The working principle of the WPA.

say, the piezoelectric leg P1A is electrically excited by V1 and V2, and P1B of
the same first pair is also electrically excited by V1 and V2. Similarly, P2A

and P2B are identically electrically excited by V3 and V4. The frequency of
the voltage waveform corresponds to the moving velocity of the WPA.
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Figure 2: The voltage waveform for electrically exciting the WPA.
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2.2. Dynamic linear model of the overall piezo-actuated stage

The schematic representation of the dynamic linear model of the overall
piezo-actuated stage in shown in Fig. 3. The presented model consists of 3
parts: WPA, connection and mechanical stage. The model of the WPA is
derived mainly from the electrical, piezoelectric and mechanical sides. Be-
sides, the WPA and mechanical stage are treated as elements with lumped
mass. It should be also noted that for the sake of simplicity, the hysteresis
effect and the converted back electromagnetic field from the mechanical side
are not included in the model of the WPA.

Figure 3: The schematic representation of the dynamic linear model of the overall piezo-
actuated stage.

The model of the WPA can be approximately described as follows:

Vin = Vp +RCV̇p (1)

VpTem = Fp (2)

Fp − F1 = mpẍp + cpẋp + kpxp (3)

where Vin and Vp are the total exerted and piezoelectric transformed voltages,
R is the equivalent electrical resistance mainly from the power source and
the power amplifier, C is the equivalent capacitance of the WPA in the
xp direction, Tem is the electromechanical transformation ratio due to the
piezoelectric effect, Fp is the internal force transformed from the electrical
side because of the piezoelectric effect, F1 is the external force applied to
the WPA from the connection part, xp is the displacement of the moving

5



rod of the WPA, mp, cp and kp are the equivalent lumped mass, damping
coefficient and stiffness of the WPA in the xp direction from the mechanical
domain respectively.

The lumped mass-spring-damper model of the connection part and me-
chanical stage can be represented in the following equations:

F1 = c1 (ẋp − ẋs) + k1 (xp − xs) (4)

F1 + Fs = msẍs + csẋs + ksxs (5)

where c1 and k1 are the equivalent damping coefficient and stiffness of the
connection part, ms, cs and ks are the equivalent lumped mass, damping
coefficient and stiffness of the mechanical stage in the xs direction same as xp
direction respectively, and Fs is the external force applied to the mechanical
stage.

The transfer function from Vin to Fp can be obtained by taking Laplace
transformations of Eq. (1) and Eq. (2) in the following equation

Fp(s)

Vin(s)
=

Tem
1 +RCs

(6)

where s is the Laplace variable.
In the same way, substituting the Laplace transformations of Eq. (3) and

Eq. (4) into that of Eq. (5) with Fs = 0 yields the transfer function from Fp

to xs

xs(s)

Fp(s)
=

c1s+ k1

(mps2 + cps+ kp) (mss2 + (c1 + cs) s+ k1 + ks) + (mss2 + css+ ks) (c1s+ k1)
(7)

At last, substituting Eq. (6) into Eq. (7) gives the transfer function from
Vin to xs as

xs(s)

Vin(s)
=

Tem
1 +RCs

·

c1s+ k1

(mps2 + cps+ kp) (mss2 + (c1 + cs) s+ k1 + ks) + (mss2 + css+ ks) (c1s+ k1)
(8)
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In the practical implement of the overall piezo-actuated stage, the input
voltage uin to the power amplifier is interpreted as the frequency of the
exciting voltage waveform, thus corresponding to the moving velocity of the
stage. As a result, an integral element with a gain ku is added, and the final
transfer function of the overall piezo-actuated stage from the input voltage
uin to the displacement xs of the stage becomes

xs(s)

uin(s)
=
ku
s
· Tem

1 +RCs
·

c1s+ k1

(mps2 + cps+ kp) (mss2 + (c1 + cs) s+ k1 + ks) + (mss2 + css+ ks) (c1s+ k1)
(9)

Hence, the order of the proposed dynamic linear model for the walking
piezo-actuated stage is 6 and will be used for the identification in the next
Section. For the sake of simplicity and linear modelling, non-linear charac-
teristics of the overall stage such as hysteresis and friction are not consid-
ered for now. It is worth pointing out different values of k1 and c1 of the
connection part will affect the dynamic characteristic of the overall stage.
Suppose s1,2p and s1,2s are the roots of the polynomials mps

2 + cps+ kp and
mss

2 + css + ks respectively, then they will not be the poles of the transfer
function in Eq. (9). That is to say, the sole first-order natural frequencies of
the WPA and mechanical stage will not be the ones of the overall stage.

3. Experimental platform configuration

As shown in Fig. 4, a flexure-hinge based mechanical stage driven by the
WPA is built as the experimental platform. The mechanical stage of 1 degree
of freedom has a nominal displacement of 0-500 µm, which can be measured
by the capacitive sensor. Customized from PiezoMotor Uppsala AB in Swe-
den, the WPA is electrically excited by the power amplifier (MC-90) with 4
channels of output voltages. The displacement value of the capacitive sensor
(CSH05-CAm1,4) is electronically processed by the signal conditioner (ca-
paNCDT 6500) with a pre-amplifier (CPM6011). The sensor and its signal
conditioner are supplied by Micro-Epsilon Company in Germany. Provided
by A&D Company in Japan, the real-time platform (AD5436A) is used for
high-speed measurement and rapid control prototyping. It contains CPU
board with real-time operating system, 16 bits A/D and 16 bits D/A con-
verter boards. The terminals are used for connecting the WPA and sensor
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signal conditioner with the real-time platform. The piezo-actuated stage with
the capacitive sensor is fixed on a vibration isolation mounting. The labo-
ratory is under precise environmental control with its ambient temperature
kept at 22±0.2 degree Celsius.

Figure 4: Experimental platform with the mechanical stage, the power amplifier, the
WPA, the capacitive sensor and the real-time platform.

4. Identification

Not only the model of the WPA but also that of the mechanical stage
and the connection part have great influences on the overall model in Eq. (9)
for the piezo-actuated stage. The proposed identification processes focus
mainly on the experimentally phenomenal data to obtain the overall model,
which is different from identifying the parameter values in Eq. (9) one by
one with specifically physical meaning. The mass-spring-damper model of
the mechanical stage is also identified for better comparison with the overall
model of the piezo-actuated stage. More details about the identification of
the mechanical stage are presented in the Appendix.

The identification for the overall piezo-actuated stage including the power
amplifier, the WPA, the mechanical stage and the capacitive sensor in Fig. 4
is executed in the frequency domain. The sinusoidal input voltage signal
of a known frequency is generated from the AD5436A real-time platform
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and then fed into the power amplifier to drive the piezo-actuated stage. The
output displacement of the piezo-actuated stage is measured by the capacitive
sensor and then captured in real time by the AD5436A real-time platform.
The sampling period is 0.1 ms.

If the overall piezo-actuated stage is treated as a linear system, its dis-
placement response to the sinusoidal voltage is also sinusoidal with the same
frequency but different magnitude and phase. Suppose the sinusoidal input
voltage and the corresponding output displacement of the overall stage can
be expressed by u = Au sin(2πft) + ū and x = Ax sin(2πft+ ϕ) + x̄ respec-
tively, where Au, Ax and ū, x̄ are the magnitude and average (also referred
as ’offset’) values of the input and output sinusoid, and f is the frequency.
Then the amplitude ratio M = Ax/Au and phase ϕ of the frequency response
can be calculated in the following equation

Ruu(0) =
1

n

n∑
i=1

(u(i)u(i))

Rxx(0) =
1

n

n∑
i=1

(x(i)x(i))

Rux(0) =
1

n

n∑
i=1

(u(i)x(i))

Au =
√

2 (Ruu(0)− ū2)

Ax =
√

2 (Rxx(0)− x̄2)

M =
Ax

Au

=

√
Rxx(0)− x̄2

Ruu(0)− ū2

ϕ = − arccos

(
Rux(0)− ūx̄√

Ruu(0)− ū2
√
Rxx(0)− x̄2

)

(10)

where n is the number of the sampled steady-state output sinusoidal dis-
placement.

In the practical calculation, n is usually a multiple of the data point num-
ber in one sinusoidal period. And the M and ϕ of the frequency response at
a certain frequency can thus be computed via Eq. (10) using the logged data
points u(i), x(i), i = 1 · · ·n. In general, M and ϕ are functions of the fre-
quency of the input sinusoidal voltage. In the experimental implementation,
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totally 76 frequencies are chosen as 0.5, 1, 2, 4, 6, · · · (arithmetic progres-
sion, increase by the same 2), 54, 55, 56, · · · , 60, 62, 64, · · · , 100, 125, 150,
· · · , 500, 600, 700, · · · , 1000 Hz. Based on the measured data of frequency
response, the transfer function of 6 order from the input voltage to the out-
put displacement for the overall piezo-actuated stage can be identified using
MATLAB System Identification Toolbox. Specially, the MATLAB function
Gif = invfreqs(hif, wif, nif,mif, wtif, iterif, tolif) is used [19], where Gif(s) is the
identified transfer function, hif = M cosϕ+jM sinϕ is the measured complex
frequency response at the frequency point wif, nif and mif are the identified
numerator and denominator orders of the transfer function Gif(s) respec-
tively, wtif is the weighting factor, iterif is the iteration number and tolif is the
bound value of the norm of the modified gradient vector for algorithm conver-
gence. hif, wif and wtif are usually vectors, and nif, mif, iterif and tolif are gen-
erally scalars. This function adopts the damped Gauss-Newton method for it-
erative search in order to solve the direct problem of minimizing the weighted
sum of the squared error between the actually measured and the identified fre-
quency response points, i.e. min

∑n
i=1

(
wtif(i)|hif(i)−Gif(e

jwif(i))|2
)
. Based

on the measured frequency response, the parameters of the identification
function invfreqs are chosen as nif = 1, mif = 6, wtif = [1, 1, · · · ], iterif = 50
and tolif = 1× 10−8.

Some mathematical operations for preprocessing and post-processing are
also used in order to obtain a better identified model [20]. The identified
transfer function in the s domain is

xs
uin

=
1.144× 1017s+ 1.559× 1021

s6 + 4460s5 + 5.279× 107s4 + 1.431× 1011s3 + 5.181× 1014s2 + 8.615× 1017s
(11)

The comparison between the measured data and the data from the identified
model is shown in Fig. 5. The identified model can fit the measured data
quite well.

5. Control and experimental results

During the process of closed-loop control design and experiments, the con-
trolled plant is the overall piezo-actuated stage including the power amplifier,
the WPA, the mechanical stage and the capacitive sensor. The control design
is executed mainly in MATLAB/Simulink, and the control implementation
is realized using the rapid control prototype (RCP) method based on the
AD5436A real-time platform. The AD5436A real-time platform can run the
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Figure 5: The comparison between the measured data and the data from the identified
model.

generated C codes from the developed control algorithm model in Simulink.
The closed-loop servo period Ts is 0.1 ms.

The root locus method is firstly used to decide the approximate maximum
feedback loop gain. The root loci of the identified model in Eq. (11) with
respect to the feedback loop gain is shown in Fig. 6. The maximum feedback
loop gain should not exceed 0.625 for stability. The value can serve as a
limitation of loop gain in the next positioning and tracking control.

5.1. PTP positioning control

PTP positioning can also be referred to as step displacement regulation.
The desired displacement is usually a constant set point. The aim of PTP
positioning control is to keep the displacement error small in a fast set-
tling time. The hybrid control strategy including feedback and feed-forward
control is adopted as shown in Fig. 7. The proportional-integral-derivative
(PID) control serve as the feedback control taking the displacement error as
the input. To avoid the sudden jump of the set point, the transient pro-
file is constructed so that the overall stage can reasonably follow. From the
Eq. (11), the overall piezo-actuated stage can be classified as the system of
Type 1. Hence the feed-forward control is designed to be proportional to the
velocity of the desired motion. The tracking differentiator is designed for the
fastest tracking of the desired step motion.
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Figure 6: The root loci of the identified model in Eq. (11).

Figure 7: The control scheme for PTP positioning.

A discrete-time solution for the transient profile and tracking differentia-
tor [21] can be obtained in the following equation:

x1(k + 1) = x1(k) + Tsv1(k)

v1(k + 1) = v1(k) + Tsfhan (x1(k)− xd(k), v1(k), a, Ts)
(12)

where xd is the desired step displacement and a is the controller parameter,
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and the function fhan (x1, v1, a, Ts) is defined as

d = Tsa
2, a0 = Tsv1, y = x1 + a0

a1 =
√
d (d+ 8|y|)

a2 = a0 + sign(y) (a1 − d) /2

sy = (sign (y + d)− sign (y − d)) /2

ã = (a0 + y − a2) sy + a2

sa = (sign (ã+ d)− sign (ã− d)) /2

fhan = −asa
(
ã

d
− sign (ã)

)
− asign (ã) .

(13)

Eq. (12) and (13) provide a time-optimal solution which can guarantee the
transient process from x1 to xd at the velocity of v1. And v1 can be treated
as the tracking differentiator whose derivative is subject to the acceleration
limit a.

The simulink model for the real-time PTP positioning control experi-
ment is illustrated in Fig. 8. The blocks TPTD, kf, kp and ki are used
for the transient profile and tracking differentiator, feed-forward and feed-
back PID control, respectively. The block IIR Filter represents a low-pass
infinite impulse response filter for reducing the noise of the capacitive sen-
sor. The subsystem block Subsys DataStore is utilized for experimental data
recording. The subsystem block AD5436A Cfg is used for the configura-
tion of the AD5436A platform. Other blocks such as Ext02A DAOut and
Ext01 ADIn in the AD5436A target library provide real-time D/A and A/D
interfaces to the AD5436A platform, through which the Simulink model can
send the analog voltage signal to the power amplifier and collect the analog
voltage signal from the capacitive sensor. In the experimental implemen-
tation, the Simulink model is automatically transformed into C codes by
MATLAB Embedded Coder and then downloaded to the rapid control pro-
totyping AD5436A platform for real-time execution. For the 300 µm step
positioning, the parameters of the proposed controller as shown in Fig. 8 are
a = 4000000, kf = 4.95 × 10−5, kp = 0.046 and ki = 0.005, where a, kf , kp

and ki denote the transient profile acceleration limit, the feed-forward gain,
the feedback proportional and integral gain. Besides, the low-pass filter is
chosen to have the bandwidth of 100 Hz.

The experimental result is shown in Fig. 9. For the PTP positioning
control application, the settling time ts is defined in this paper to be the
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Figure 8: The Simulink model for PTP positioning control.

time needed to settle within the displacement sensor resolution (25 nm).
ts for the 300 µm step positioning of the proposed controller is 0.12 s and
the overshoot is 1.3 µm. The settling time for the other different steps of
1, 10 and 100 µm are 0.04, 0.085 and 0.1 s respectively, whose figures are
not illustrated for the succinctness of this paper. It is worth noting that,
compared with the results in Refs. [12] and [13], ts for the 100 µm step are
0.6 and 0.4 s respectively, which are longer than that of this paper. Hence
the comparisons imply the excellent performance of faster settling time of
the proposed controller.

Figure 9: The experimental result of PTP positioning control for 300 µm step.
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5.2. Sinusoidal trajectory tracking control

The aim of trajectory tracking control is to cause the output displacement
to follow the reference input as closely as possible. Sinusoidal trajectory is
chosen because other more complex trajectories can be described by the si-
nusoidal components over an interesting band of frequencies. The hybrid
control strategy including feedback, feed-forward and repetitive control is
developed as shown in Fig. 10. Different from Fig. 7, the direct differentia-
tor is used to obtain the velocity of the sinusoidal reference input xd with
continuous trajectory. Besides, a discrete-time RC is designed to be plugged
into the feedback controller to enhance the periodic trajectory tracking per-
formance. RC can be easily implemented in practice and its initial states
need not be the same at the start of each iteration [4, 16, 17].

Figure 10: The control scheme for sinusoidal trajectory tracking.

As illustrated in Fig. 10, RC generally comprises a pure delay z−N , two
phase-lead compensator units zm1 and zm2 , a filter Gf with a unit gain, and
a gain kR. N denotes the number of sampled data points during one period
of the desired trajectory xd. It can be calculated as N = Td/Ts, where Td is
the period duration time. zm1 is added to improve the tracking performance
of the RC. zm2 is added to increase the stability margin of the RC. Gf is
in fact necessary for stabilizing the RC. kR is designed for trade-off tuning
of convergence and performance of the RC. Gff , Gfb and Gh represent the
transfer functions of the feed-forward controller, the feedback PID controller
and the low-pass filter for the capacitive sensor in the z-domain respectively,
while Gs represents the transfer function of the overall piezo-actuated stage.
The transfer function GRC(z) of the RC from e to uRC can be derived as

GRC(z) =
uRC(z)

e(z)
=
kRGf (z)z−N+m1+m2

1−Gf (z)z−N+m1
. (14)
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If necessary, the variable z of transfer functions in the z-domain will be
omitted for the sake of brevity in the following paragraphs. Gf is designed
with the discrete-time transfer function in the following equation

Gf =
(1− α)z

z − α
, 0 < α < 1. (15)

The transfer function Goc of the proposed overall controller in Fig. 10
from xd to x is

Goc =
x(z)

xd(z)
=
Gs (Gfb (1 +GRC) +Gff )

1 +GsGhGfb (1 +GRC)
. (16)

By substituting the zero for GRC , the transfer function Ḡoc of the proposed
overall controller without the RC can be obtained as

Ḡoc =
Gs (Gfb +Gff )

1 +GsGhGfb

. (17)

The sensitivity functions S̄ = S̄Ḡoc
Gs

and S = SGoc
Gs

of Ḡoc and Goc to Gs can
thus be derived respectively as

S̄ =
1

1 +GsGhGfb

S =
1

1 +GsGhGfb (1 +GRC)

=
1

1 +GsGhGfb

· 1

1 +
GsGhGfb

1+GsGhGfb
GRC

= S̄ · 1

1 +
(
1− S̄

)
GRC

.

(18)

Using Eq. (14) to replace GRC in Eq. (18), S becomes

S = S̄ · 1−Gfz
−N+m1

1−Gfz−N+m1
(
1−

(
1− S̄

)
kRzm2

) . (19)

Therefore, based on the small-gain theorem [17], the asymptotic stability
condition of the designed sinusoidal trajectory tracking controller with the
RC can be given as:
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1. All the poles of the sensitivity function S̄(z) lie inside the open unit
circle of the complex plane.

2. |Gf (z)
(
1−

(
1− S̄(z)

)
kRz

m2
)
|z=ejωTs < 1 with ω ∈ [0, π/Ts].

The simulink model for the sinusoidal trajectory tracking control exper-
iment is shown in Fig. 11. The blocks Delay nm1m2, Gf, Delay m2 and
kR together serve as the function of the RC. The block Discrete Derivative
represents a direct differentiator in discrete time. The other identical blocks
with those in Fig. 8 are designed having the same functions. For the desired
sinusoidal trajectory xd = 50 sin (5πt− π/2) + 50 µm, the parameters of the
proposed controller as illustrated in Fig. 11 are chosen as N = 4000, m1 = 50,
m2 = 0, α = 0.995, kR = 0.8, kf = 3.575× 10−4, kp = 0.11 and ki = 0.005.

Figure 11: The Simulink model for the sinusoidal trajectory tracking control.

The experimental result is shown in Fig. 12. For the sinusoidal trajec-
tory tracking control application, the following displacement tracking errors
are defined as the criteria for the control performance: ei = xd(i) − x(i),
ema = max(|ei|), erms =

√
(
∑n

i=1 e
2
i ) /n, eMA = (

∑n
i=1 ei) /n, eMSD =√

(
∑n

i=1(ei − eMA)2) /n and emr = ema/max(|xd|). For the xd = 50 sin (5πt− π/2)+
50 µm tracking of the developed hybrid controller with RC, the errors ema,
erms, eMA, eMSD and emr are 1.9938, 1.2053, -0.0255, 1.2051 µm and 1.99%
respectively.

6. Conclusions

In this paper, a dynamic model is firstly investigated for a flexible me-
chanical stage driven by the WPA. Then the proposed model is identified
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Figure 12: The experimental result of the sinusoidal trajectory tracking control.

based on the open-loop frequency response data. Finally, hybrid closed-loop
controllers are designed. The transient profile and tracking differentiator is
proposed for quick settling of PTP positioning control, and the discrete-time
RC is adopted to enhance the tracking precision for the periodic sinusoidal
trajectory. For the 300 µm PTP positioning, the settling time is 0.12 s to
keep the steady error within 25 nm. And for the sinusoidal trajectory of 50
µm amplitude, the maximum tracking error is 1.99%. Future work will take
into consideration the non-linear hysteresis and friction characteristics of the
piezo-actuated stage and design the corresponding control strategies.
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Appendix

The identification for the mechanical stage is executed based on the exper-
imental platform in Fig. 4. Because only the mechanical stage is in interest,
the WPA is not connected with the mechanical stage. That is to say, the
mechanical stage is isolated from the WPA, and the input for identification
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is not the electrical voltage signal. In the experiment implementation, the
PCB SN32048 hammer from PCB Piezotronics Company is used for the im-
pulse force generation. The impulse force is then input to the mechanical
stage, and the displacement response values are measured by the capacitive
sensor. The applying direction of the impulse force is the same as the mo-
tion direction of the stage. Herein, the AD5436A real-time platform runs
for the high-speed measurement purpose in 0.1 ms sampling period and cap-
tures the sensor displacement in real time. Based on the logged data of the
displacement response to the impulse force, the first-order natural frequency
and damping characteristics of the mechanical stage can be approximately
computed in the following equation [22]

ξs =

ln
xn
xn+1√

4π2 +

(
ln

xn
xn+1

)2
=

cs

2
√
msks

fs =
1

Tim
√

1− 2ξs
2

=
1

2π

√
ks
ms

where ξs and fs are the damping ratio and first-order natural frequency of the
mechanical stage, xn and xn+1 are the nth adjoining amplitudes of the dis-
placement response waveform, and Tim is the period time of the displacement
response waveform.

From the displacement data in Fig. .13 captured in the impulse response
experiment, ξs = 9.16×10−4 and fs = 56.34 Hz can be computed. ξs = 9.16×
10−4 indicates that the damping value of the mechanical stage alone is very
small. The flexure hinges introduce mainly elastic stiffness to the mechanical
stage. There are not other elements with big or medium damping values in
the mechanical stage. fs = 56.34 Hz shows that the natural frequency of the
mechanical stage is a little low, mainly because the displacement range of
the mechanical stage can reach up to 500 µm.
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